In [Luo], the author proved that if L is a contact stationary Legendrian surface in S 5 with the canonical Sasakian structure and the square length of its second fundamental form belongs to [0, 2]. Then we have L is either totally umbilical or is a flat minimal Legendrian torus. In this short note we further prove that if L is a totally umbilical contact stationary Legendrian surface in S 5 , then L is totally geodesic.
Introduction
Since the publishing of the celebrated papers of Simons ([Si] ), Lawson ([La] ) and Chern et al. ( [CCK] ), there are many papers on the gap phenomenon of compact minimal submanifolds in a sphere. See for example [GT] for a recent survey on this topic. In the following we will give a short historical survey in the 2-dimensional case. Here we only mention results which are closely related to our theorems. For more historical note on the gap phenomenon of minimal surfaces in a sphere we refer the interested readers to a paper by Li and Simon ([LS] ). Theorem 1.1 (Simons, Lawson, Chern-Do Carmo-Kobayashi) . Let M be a compact minimal surface in a unit sphere S 3 and B is the second fundamental form of M in S 3 . Set S = |B| 2 , then we have
In particular, if 0 ≤ S ≤ 2, then either S = 0 and M is totally geodesic, or S = 2 and M is the Clifford torus.
The above integral inequality was proved by Simons in his celebrated paper [Si] and the classification result was given by Chern et al. ([CCK] ) and Lawson ([La] ), independently.
For minimal surfaces in a sphere with higher codimension, corresponding integral inequality(which does not depends on the codimension) was proved by Benko et al. ([BKSS] ). In order to state their result, we first record an example.
Example. The veronese surface is a minimal surface in S 4 ⊆ R 5 defined by
where
u defines an isometric immersion of S 2 ( √ 3) into S 4 (1), and it maps two points (x, y, z), (−x, −y, −z) of S 2 ( √ 3) into the same point of S 4 (1), and so it imbeds the real projective plane into S 4 (1). We have
In particular, if
then either S = 0 and M is totally geodesic, or S = 4 3 , n = 4 and M is the Veronese surface. The above classification for minimal surfaces in a sphere with S = 4 3 was also got by Chern et al. in [CCK] .
We see that the (first) pinching constant for minimal surfaces in S 3 is 2, but it is 4 3 for minimal surfaces of higher codimension. But for minimal Legendrian surfaces in S 5 , the (first) pinching constant is also 2. In the following we denote by S 5 the 5-dimensional unit sphere with the canonical Sasakian structure(see [Luo] , section 2).
Theorem 1.3 ([YKM]).
If M is a minimal Legendrian surface of S 5 and 0 ≤ S ≤ 2, then S is identically 0 or 2.
Inspired by Integral inequalities and gap phenomenon for Willmore surfaces in a sphere obtained by Li [Li01] and [Li02] , in [Luo] we studied a gap phenomenon for contact stationary Legendrian surfaces(for definition see [Luo] ) in S 5 . We proved the following theorem:
then either ρ 2 = 0 and L is totally umbilical, or ρ 2 = 0, S = 2, H = 0 and L is a flat minimal Legendrian torus.
In the appendix of [Luo] , we asked whether a totally umbilical contact stationary Legendrian surface in S 5 with 0 ≤ S ≤ 2 is totally geodesic or not. In this note we give an affirmative positive answer to this question. Actually we get a stronger result. Theorem 1.5. Assume that L is a totally umbilical contact stationary Legendrian surface in S 5 . Then L is totally geodesic.
As a corollary of the above two theorems, we have Corollary 1.6. Assume that L is a contact stationary Legendrian surface in S 5 with 0 ≤ S ≤ 2. Then either S = 0 and L is totally geodesic or S = 2 and L is a flat minimal Legendrian torus.
Proof of Theorem 1.5
Let L be a Legendrian surface in S 5 with the induced metric g. Let {e 1 , e 2 } be an orthogonal frame on L such that {e 1 , e 2 , Je 1 , Je 2 , R} be a orthonormal frame on S 5 . Here R is the Reeb field of S 5 .
In the following we use indexes i, j, k, l, s, t, m and β, γ such that
Let B be the second fundamental form of L in S 5 and define
3)
The Gauss equations and Ricci equations are
5)
where K is the sectional curvature function of (L, g) and h 1 , h 2 are the second fundamental forms w.r.t. the normal directions Je 1 , Je 2 respectively. In addition we have the following Codazzi equations and Ricci identities
Using these equations, we can get the following Simons' type inequality:
Lemma 2.1 ( [Luo] ). Let L be a Legendrian surface in S 5 . Then we have
Proof. This lemma is proved in [Luo] . We copy the proof here because we will use several equalities and inequalities in the proof in the following. Using equations from (2.5) to (2.10), we have
where ρ 2 := S − 2H 2 and in the above calculations we used the following identities
where in the first equality we used R lijk = K(δ lj δ ik − δ lk δ ij ) and R lj = Kδ lj in a proper orthonormal frame field, because L is a surface. Note that 13) where in the third equality we used
(2.14)
Combing (2.12), (2.13) with (2.14), we get (2.11). ✷
We also have
where |∇ ν H| 2 = β,i (H β i ) 2 . Integrating over (2.11) and using |∇ T h| 2 ≥ 3|∇ T H| 2 (see appendix, Lemma A.1 of [Luo] 16) where in the first equality we used (2.15) and in the second equality we used the Gauss equation 2K = 2 + 4H 2 − S.
Therefore we obtain the following integral inequality Particularly if ρ 2 = 0, i.e. L is totally umbilical, then from (2.17) we see that |∇ T H| 2 = 0. Then from (2.14) we get that |∇ ν H| 2 = H 2 , which implies that L KH 2 dµ = 0 by (2.15). Now by the Gauss equation 2K = 2 + 4H 2 − S = 2 + 2H 2 − ρ 2 = 2 + 2H 2 we get L H 2 (1 + H 2 ) = 0.
Therefore H = 0 and hence combing with the assumption that 0 = ρ 2 = S − 2H 2 , we get S = 0, i.e. L is totally geodesic. This completes the proof of Theorem 1.5. ✷
